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THE NUMBER OF INDEPENDENT SETS IN A REGULAR GRAPH
YUFEI ZHAO
Abstract. We show that the number of independent sets in an N -vertex, d-regular graph
is at most (2d+1−1)N/2d, where the bound is sharp for a disjoint union of complete d-regular
bipartite graphs. This settles a conjecture of Alon in 1991 and Kahn in 2001. Kahn proved
the bound when the graph is assumed to be bipartite. We give a short proof that reduces
the general case to the bipartite case. Our method also works for a weighted generalization,
i.e., an upper bound for the independence polynomial of a regular graph.
1. Introduction
Let G be a (simple, finite, undirected) graph. An independent set is a subset of the vertices
with no two adjacent. Let I(G) denote the collection of independent sets of G and let i(G)
be its cardinality. We would like to determine an upper bound for i(G) when G is an N -
vertex, d-regular graph. This problem has received some attention due to its applications
in combinatorial group theory [1] and statistical mechanics [12]. We begin by giving a brief
overview of the history of the problem (also see [6]).
In the 1988 Number Theory Conference at Banff, in an effort to resolve the Cameron-
Erdo˝s conjecture [3, 9, 16] on the number of sum-free sets, A. Granville conjectured that
i(G) ≤ 2(1/2+o(1))N for N -vertex, d-regular graphs G, where o(1) → 0 as d → ∞. In 1991,
Alon [1] resolved Granville’s conjecture by proving that
(1) i(G) ≤ 2(1/2+O(d
−0.1))N
and applied the result to counting sum-free sets in groups. Alon speculated that perhaps
i(G) is maximized (for N divisible by 2d) when G is a disjoint union of N/2d complete
d-regular bipartite graphs Kd,d. This conjecture was later formally stated by Kahn [12] in
2001:
Conjecture 1 (Alon and Kahn). For any N-vertex, d-regular graph G,
(2) i(G) ≤ i (Kd,d)
N/2d =
(
2d+1 − 1
)N/2d
Here we prove this conjecture as a special case of our main result, Theorem 2 below. Kahn
used entropy methods to prove Conjecture 1 when G is bipartite and applied it to prove some
results about the hard-core lattice gas model in statistical mechanics. Several improvements
to (1) for general G were later given by Sapozhenko [15], Kahn (see [14]), and Galvin [6].
The best previous bound, given recently by Galvin [6], is
i(G) ≤ exp2
(
N
2
(
1 +
1
d
+
O(1)
d
√
log d
d
))
.
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For comparison, the bound in (2), which is tight whenever N is divisible by 2d, has the
asymptotic expansion(
2d+1 − 1
)N/2d
= exp2
(
N
2
(
1 +
1
d
−
1 + o(1)
(2 ln 2)d2d
))
,
where o(1) → 0 as d → ∞. The bounds of [6] and [15] only work well for large d. On
the other hand, recent work by Galvin and the author [8] showed through computational
verification that Conjecture 1 is true for d ≤ 5.
We also consider a weighted generalization of Conjecture 1. The independence polynomial
of G, introduced by Gutman and Harary [10], is defined as
P (λ,G) =
∑
I∈I(G)
λ|I|.
This is also the partition function for the hard-core model on G with activity (or fugacity)
λ (see [2, 11] for background). Galvin and Tetali [7] applied Kahn’s techniques to weighted
graph homomorphisms. In particular, a generalization of Conjecture 1 was obtained for
N -vertex, d-regular bipartite G:
(3) P (λ,G) ≤
(
2(1 + λ)d − 1
)N/2d
for all λ ≥ 0, where equality is once again attained when G is a disjoint union of Kd,d’s. It
has been conjectured in [6] and [7] that (3) holds also for non-bipartite graphs. In [4] and [6],
upper bounds were given for P (λ,G) for general G. In this paper, we settle the conjecture
by proving (3) for all graphs G.
Theorem 2. For any N-vertex, d-regular graph G, and any λ ≥ 0,
P (λ,G) ≤ P (λ,Kd,d)
N/2d =
(
2(1 + λ)d − 1
)N/2d
.
When λ = 1, we obtain Conjecture 1 as a corollary.
Corollary 3. For any N-vertex, d-regular graph G,
i(G) ≤ i (Kd,d)
N/2d =
(
2d+1 − 1
)N/2d
.
In Section 2 we derive Theorem 2 from its specialization to bipartite graphs (which was
known earlier). Section 3 discusses some further questions.
2. Proof of Theorem 2
In this section, we prove Theorem 2 by reducing to the bipartite case, which was proven
in [7] (see [12] for the non-weighted case).
Let V (G) denote the set of vertices of G. For A,B ⊂ V (G), say that A is independent
from B if G contains no edge of the form ab, where a ∈ A and b ∈ B. Also let G[A] denote
the subgraph of G induced by A.
Let J (G) denote the set of pairs (A,B) of subsets of vertices of G such that A is inde-
pendent from B and G[A ∪ B] is bipartite. For a pair (A,B) of subsets of V (G), define its
size to be |A|+ |B|.
Here is the key lemma of our proof.
Lemma. For any graph G (not necessarily regular), there exists a size-preserving bijection
between I(G)× I(G) and J (G).
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Proof. For every W ⊂ V (G) such that G[W ] is bipartite, fix a bipartition W = W1 ∪W2 so
that W1 and W2 are both independent in G. Let K(G) be the set of pairs (A,B) of subsets
of V (G) such that G[A∪B] is bipartite. Note that I(G)×I(G) ⊂ K(G) and J (G) ⊂ K(G).
The former is true because if A,B ∈ I(G) then A ∪ (B \ A) is already a bipartition.
We construct a size-preserving involution of K(G) as follows. For any (A,B) ∈ K, let
W1 ∪W2 be the chosen bipartition of W = A ∪ B. Then let the involution send (A,B) to
((A ∩W1) ∪ (B ∩W2), (A ∩W2) ∪ (B ∩W1)).
It is easy to check that this is a size-preserving involution of K(G) that maps I(G)× I(G)
to J (G) and vice-versa. The lemma follows immediately. 
Proof of Theorem 2. Let G×K2 denote the bipartite double cover of G. This is the bipartite
graph with vertices (v, i), where v ∈ V (G) and i ∈ {0, 1}, and an edge between (v, 0) and
(w, 1) whenever vw is an edge in G. Then, independent sets in G×K2 correspond to pairs
(A,B) of subsets of V (G) such that A is independent from B. Hence for any λ ≥ 0,
(4) P (λ,G×K2) =
∑
I∈I(G×K2)
λ|I| =
∑
A,B⊂V (G)
A indep. from B
λ|A|+|B| ≥
∑
(A,B)∈J (G)
λ|A|+|B| =
∑
A,B∈I(G)
λ|A|+|B| = P (λ,G)2,
where we used the lemma at the second to last equality. When G is a d-regular graph, so is
G×K2. Note that G×K2 is bipartite, and we know that the theorem is true for bipartite
graphs, so
(5) P (λ,G×K2) ≤ P (λ,Kd,d)
N/d.
Combining (4) and (5) gives us
P (λ,G) ≤ P (λ,Kd,d)
N/2d,
as desired. 
Remark. Kahn [12] also conjectured that, for any graph G without isolated vertices
(6) i(G) ≤
∏
uv∈E(G)
(
2d(u) + 2d(v) − 1
)1/d(u)d(v)
,
where E(G) denotes the set of edges of G and d(v) the degree of vertex v. Galvin [5] noted
that the proof presented here can also be used to reduce (6) to the bipartite case. Recently
Galvin and the author [8] showed that (6) is true if the maximum degree of G is at most 5.
3. Discussion and Further questions
Non-entropy proof of the bipartite case? So far the only known proofs of Theorem 2
and Corollary 3 in the bipartite case use entropy methods. The entropy approach was first
applied to this problem by Kahn [12], and was subsequently applied to several variations of
the problem. For instance, Kahn [13] later showed that for an N -vertex, d-regular bipartite
graph G with vertex bipartition O ∪ E , we have
(7)
∑
I∈I(G)
µ|I∩O|λ|I∩E| ≤
(
(1 + µ)d + (1 + λ)d − 1
)N/2d
for all λ, µ ≥ 1. This was later relaxed to λ, µ ≥ 0 by Galvin and Tetali [7], who studied the
general problem of counting weighted graph homomorphisms, again using entropy methods.
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We will say more about this in a moment. See [14] for more applications of entropy to
counting independent sets and graph homomorphisms.
Although the entropy method is powerful, it would be nice to have a more elementary and
combinatorial proof of the bipartite case. As Kahn [12] writes, “one would think that this
simple and natural conjecture . . . would have a simple and natural proof.”
Here we offer some ideas for a combinatorial proof of the bipartite case that is in the same
spirit as the proof presented in this paper. For a nonnegative integer t, let t · G denote a
disjoint union of t copies of G. Then P (λ, t ·G) = P (λ,G)t. So it would suffice to prove that
(8) P (λ, d ·G) ≤ P
(
λ,
N
2
·Kd,d
)
.
We conjecture that (8) is true term-by-term, that is, for every k, the number of the inde-
pendent sets of size k in d · G is at most that of N
2
·Kd,d. A slightly stronger form of this
conjecture has been stated by Kahn [12]. Asymptotic evidence for Kahn’s conjecture was
later provided by Carroll, Galvin, and Tetali [4].
We note that the term-by-term conjecture is false for the bi-weighted version in the sense
of (7). Indeed, for the 2-regular bipartite graph G = K3×K2, there exists two independent
sets in 2 · G with 3 vertices on each side of the bipartition, but there do not exist such
independent sets in 3 ·K2,2.
Graph homomorphisms from non-bipartite graphs. Galvin and Tetali [7] generalized
Kahn’s result and showed that for any d-regular, N -vertex bipartite graph G, and any graph
H (possibly with self-loops),
(9) |Hom(G,H)| ≤ |Hom(Kd,d, H)|
N/2d ,
where Hom(G,H) denotes the set of graph homomorphism from G to H , i.e., maps f :
V (G) → V (H) where f(u)f(v) is an edge of H whenever uv is an edge of G. Graph
homomorphisms generalize the notion of independent sets, since we can take H to be the
graph K2 with a self-loop adjoined to one vertex. In fact [7] gives a more general weighted
version of (9). Here each i ∈ V (H) is assigned some “activity” λi. Write Λ for the vector of
activities. For each f ∈ Hom(G,H), let
wΛ(f) =
∏
v∈V (G)
λf(v),
the weight of f , and set
ZΛ(G,H) =
∑
f∈Hom(G,H)
wΛ(f).
(The motivation for this setup comes from statistical mechanics.) It was shown in [7] that
for any d-regular, N -vertex bipartite G, any graph H , and any system Λ of positive activities
on V (H), we have, generalizing (9)
(10) ZΛ(G,H) ≤
(
ZΛ(Kd,d, H)
)N/2d
.
A biweighted version generalizing (7) was also given in [7]. It was conjectured that (10) holds
also when G is non-bipartite. It is natural to try to generalize our approach in Section 2 to
prove this, but one runs into the problem that, unlike in the case of independent sets, there
is no weight-preserving injection from Hom(2 · G,H) to Hom(G × K2, H). For example,
take G = H = K3. Then there are 36 elements in Hom(2 · K3, K3) with weight λ
2
1λ
2
2λ
2
3
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whereas there are only 24 elements in Hom(K3 × K2, H) with that weight. However, the
silver lining is that there does exist a weight-preserving injection from Hom(2ℓ ·K3, K3) to
Hom(ℓ ·K3 ×K2, K3) for all ℓ ≥ 5. So there is hope that our method could still work.
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